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Abstract

This work provides a theoretical analysis of multicomponent adsorption kinetics for conditions typical of protein adsorption in porous ion
exchangers as well as experimental results for the adsorption of lysozyme/cytochromecmixtures in the cation exchanger SP-Sepharose-FF.
The theory predicts the formation of overshoots in the intraparticle concentration profiles and in the total amount adsorbed for the more
weakly adsorbed component. An analytical solution valid for the case where the isotherms are rectangular is developed and found to be in
good agreement with the limiting behavior of the general numerical solution of the model equations. The experimental results show that
the two proteins are competitively adsorbed and that an overshoot of adsorbed cytochromec occurs during simultaneous adsorption. Model
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redictions based on the assumption that the adsorption isotherms are rectangular and that lysozyme completely displaces cytochcare in
ualitative and quantitative agreement with the experimental kinetics suggesting that the overshoot phenomena observed with mult
ystems in these resins can be explained with a diffusion model without the need to account for flux coupling or electrophoretic co
o transport.

2005 Elsevier B.V. All rights reserved.
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. Introduction

Rational design of protein ion exchange chromatography
rocesses requires an understanding of the rate at which

he proteins bind to the ion exchange sites. When using
edia suitable for process scale applications, this rate is

ypically controlled by diffusion within the particles. Thus,
n understanding of diffusion rates is critical. Although
any authors have investigated single protein ion exchange

ates, very few have considered the case of multicomponent
ompetitive protein adsorption systems. In an early study,
kidmore and Chase[1] investigated the simultaneous
dsorption of lysozyme and bovine serum albumin (BSA) in
olumns packed with the cation exchanger SP-Sepharose-FF.
dsorption of the two proteins was shown to be competitive
ut the kinetics of the binding process was not determined.
n another study, Weinbrenner and Etzel[2] investigated the
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simultaneous adsorption of BSA and lactalbumin on ca
exchange membranes. These authors reached the
conclusion with regards to the competitive nature of pro
binding leading to a “roll up” of the less strongly adsorb
protein under near local equilibrium conditions.

Lewus and Carta[3] investigated the kinetics of tw
component protein adsorption on the cation exchang
HyperD-M for mixtures of cytochromec and lysozyme.
HyperD-M comprises porous silica particles whose pore
filled with a charged poly(acrylamide) gel. The observed
sorption kinetics was found to be consistent with diffusio
transport through a tight fitting charged gel mesh. Thus,
gle and two-component mass transfer rates were descri
terms of a homogeneous diffusion model, where the dri
force for diffusion is given by the adsorbed protein c
centration gradient. Accordingly, the ensuing intrapar
concentration profiles were predicted to be smooth. Bas
microscopic visualization studies with capillary suppo
gels, the existence of such smooth profiles consistent w
homogeneous diffusion model was later confirmed ex
mentally for both single and multicomponent systems[4–7].
021-9673/$ – see front matter © 2005 Elsevier B.V. All rights reserved.
oi:10.1016/j.chroma.2005.03.007
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The kinetics of adsorption of fluorescently labeled
proteins in SP-Sepharose-FF particles has been studied by
means of confocal microscopy by several authors[8–11].
SP-Sepharose-FF is based on a crosslinked, functionalized
agarose matrix with relatively large pores[12]. Crosslinked
agarose is thought to form a rigid pore structure. As a result,
transport in this matrix is likely to occur principally by diffu-
sion through the liquid-filled pores. Since the pores are large
compared to the size of typical proteins, diffusional transport
is likely unaffected by electrostatic interactions with the pore
wall. In this case, the intraparticle concentration profiles
tend to be sharp when the binding isotherm is favorable. This
behavior has been confirmed experimentally at low ionic
strengths based on confocal microscopy studies[9–11].
However, departures from this behavior have also been noted
at higher ionic strengths, sometime accompanied by sharp,
temporary overshoots in fluorescence intensity[10,11].
Various explanations have been advanced for this behavior
as discussed by Hubbuch et al.[13]. Nonetheless, the hy-
pothesis of sharp profiles appears to hold, at least at low ionic
strengths.

A theoretical study of two-component protein adsorption
in spherical ion exchange particles has been reported recently
by Gallant[14] based on the numerical solution of a pore
diffusion model. In this work, protein adsorption equilibrium
was described by the steric mass action model (SMA)[15].
A esin
w uired
t As a
r e the
p ow-
e ilute
b than
t Gal-
l sion
i les
w of a
c tical
c

t is
t l to
d asis
o tion
p al
s The
s s of
t . For
t
l ally.
B nsid-
e the
p in
o ntal
r rious
m ical
d

2. Theoretical development

We consider the competitive adsorption of two compo-
nents assuming that intraparticle mass transfer occurs by dif-
fusion in liquid-filled pores with a driving force expressed in
terms of the pore fluid concentration gradient. The following
four assumptions are made: (1) the adsorbent particles are
spherical and chemically and structurally homogeneous; (2)
the pore fluid concentration is locally in equilibrium with the
adsorbed phase concentration; (3) the pore fluid concentra-
tion is much smaller than the adsorbed-phase concentration;
and (4) the adsorption equilibrium is represented by the mul-
ticomponent Langmuir isotherm according to:

qi = qm,iKiCi

1 +∑KjCj

(1)

The following conservation equations and boundary con-
ditions can be written to describe adsorption in a finite-bath
batch adsorption system:

∂qi

∂t
= De,i

r2

∂

∂r

(
r2∂ci

∂r

)
(2)

t = 0 : ci = 0, qi = 0 (2a)
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ccordingly, displacement of salt counterions from the r
as assumed to occur during protein adsorption as req

o maintain electroneutrality in the adsorbed phase.
esult, a salt concentration gradient was predicted insid
article. The magnitude of the induced salt gradient is, h
ver, generally very small, since, in practice, even in d
uffer solutions, the salt concentration is much greater
he equivalent protein concentration. For example, in
ant’s reported detailed calculations, the maximum excur
n salt concentration from the initial value within the partic
as only about 0.4%, suggesting that the assumption
onstant salt concentration is probably valid in most prac
ases.

The present work has two components. The firs
he development of a general pore-diffusion mode
escribe two-component protein binding with emph
n the theoretical description of intraparticle concentra
rofiles along with the derivation of limiting analytic
olutions valid for the case of a rectangular isotherm.
econd is an experimental investigation of the kinetic
wo-component protein adsorption in SP-Sepharose-FF
his investigation we use mixtures of cytochromec and
ysozyme, which can be detected spectrophotometric
oth simultaneous and sequential adsorption are co
red. In the first case, the two proteins co-diffuse in
articles, while in the second the two proteins diffuse
pposite direction. Batch and shallow-bed experime
esults are obtained for each pure component and va
ixtures of the two and compared with the theoret
evelopment.
= 0 : i

∂r
= 0 (2b)

= rp : De,i
∂ci

∂r
= kf,i(Ci − Cs

i ) (2c)

dCi

dt
= 3kf,i

rp

VM

V
(Ci − Cs

i ) = −VM

V

dq̄i

dt
(3)

= 0 : Ci = C0
i (3a)

In these equations,qi is the adsorbed concentration
omponenti, ci andCi are the pore fluid and external s

ution concentrations, respectively,De,i is the effective por
iffusivity, kf,i the external mass transfer coefficient,VM the
olume of the particles,V the volume of solution, and ¯qi is the
dsorbed concentration averaged over the particle volu

Since the isotherm is nonlinear, a numerical solutio
qs.(1)–(3) is required in general and was obtained by fi
ifferences. On the other hand, analytical solutions can
e found for certain limiting cases. The first is the Hen

aw limit of the isotherm. Here, however, the results are
al since adsorption of the two species would occur inde
ently. A second, more interesting case, is the irrever

sotherm limit, which occurs when

i = 1

1 + KiCi

� 1 (4)

In this case, the adsorbent is nearly completely satur
hus, for each pure component, at equilibriumq∗

i ≈ qm,i.
hen both components are present, the relative amou
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Fig. 1. Sketch of intraparticle concentration profiles for the case of rectan-
gular isotherms with A displacing B.

each adsorbed species are related by

q∗
A

q∗
B

= qm,AKA

qm,BKB

CA

CB
(5)

Here simultaneous adsorption of the two components oc-
curs in two regimes as shown inFig. 1 for the case where A
displaces B. For a timet< tc there are two adsorption fronts.
In the outermost layer (rA < r < rp), both A and B are present
in the pores while in the middle layer (rB < r < rA), only B is
present. In the latter layerqA = 0 andqB =qm,B. Finally, in
the central core (r < rB), there is neither A nor B. Fort> tc,
the inner core has completely disappeared as the adsorptive
front of B has reached the center of the particle. In this case,
there is a single adsorption front for A.

The approach followed in this development is similar to
the analysis of Arevalo et al.[16], although there are a few
significant differences that will be pointed out later. For sim-
plicity, in deriving the analytical solution we make the addi-
tional assumption that the external mass transfer resistance
is negligible and that adsorption takes places in an infinite
volume bath. The derivation is then straightforward for each
regime assuming a pseudo steady state as in the classica
shrinking core model for single component adsorption[17].

2.1. Solution for t < tc

r
(

r

r

r = rp : cA = CA, cB = CB (8a)

r = rA : cA = 0, cB = c′
B (8b)

Eqs.(6) and(7) are the same as those used by Arevalo et
al. However, the boundary condition expressed by Eq.(8b)
is different. Arevalo et al. assumedcB(rA) =CB, but this is
inconsistent since a concentration gradient of B must exist
through the outermost layer also. Integrating Eqs.(6) and(7)
we obtain

kA = De,ACA

(1/rA) − (1/rp)
(9)

kB = De,B(CB − c′
B)

(1/rA) − (1/rp)
(10)

The advancement of the adsorption front for A is obtained
from the balance equation

q∗
Ar2

A
drA

dt
= De,ACA

(1/rp) − (1/rA)
(11)

t = 0 : rA = rp (11a)

Integrating this equation and introducing dimensionless
variables we obtain the result

2ρ3 − 3ρ2 + 1 = t
(12)
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With reference to Fig. 1, in the outermost laye
rA < r < rp), we have:

2De,A
dcA

dr
= kA (6)

2De,B
dcB

dr
= kB (7)
l

A A τA

hereρA = rA/rp andτA = q∗
Ar2

p/6De,ACA. The latter repre
ents the time needed for A to completely saturate the pa
his result is the same as that obtained for adsorption
ingle component[17].

In the middle layer (rB < r < rA), we have

2De,B
dcB

dr
= k′

B (13)

= rA : cB = c′
B (13a)

= rB : cB = 0 (13b)

Integrating this equation we obtain

′
B = De,Bc′

B

(1/rB) − (1/rA)
(14)

As before, the advancement of the adsorption front for
btained from the following balance and boundary cond

m,Br2
B

drB

dt
= De,Bc′

B

(1/rA) − (1/rB)
(15)

= 0 : rB = rp (15a)

However, before this equation can be integrated, we
nd c′

B, the concentration at the interface between the
ayers. This is found by considering that when an amounq∗

A
f A is adsorbed at the adsorption front, an amountqm,B − q∗

B
f B is displaced. The corresponding flux of B is thus divi

n two parts: a flux toward the center of the particle and
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toward the outside. A material balance at the A adsorption
front gives

qm,B − q∗
B

qm,A

De,ACA

(1/rA) − (1/rp)

= De,Bc
′
B

(1/rB) − (1/rA)
+ De,B(c′

B − CB)

(1/rA) − (1/rp)
(16)

which can be solved forc′
B yielding the following dimension-

less result:

c′
B

CB
= 1 + (1/β)

1 + [(1 − (1/ρA))/((1/ρA) − (1/ρB))]
(17)

whereρB = rB/rp andβ =q∗
ADe,BCB/(qm,B − q∗

B)De,ACA. The
final result for the adsorption front of B is found by substi-
tuting Eq.(17) in Eq.(15)and integrating yielding

2ρ3
B − 3ρ2

B + 1 = (1 + β)
qm,B − q∗

B

qm,B

t

τA
(18)

One can see that the B adsorption front reaches the center
of the particle when

t = tc = qm,B

qm,B − q∗
B

τA

1 + β
(19)

2.2. Solution for t > tc

the
c n of
t
E

Fig. 3. Dimensionless position of adsorption fronts forβ = 1.

The behavior of the analytical solution is shown in
Figs. 2 and 3for different values ofβ. The graphs shows
the dimensionless position of the two adsorption fronts as a
function of time as well as the quantityρ3

A − ρ3
B, which rep-

resents the temporary overshoot of B above the equilibrium
value. It can be seen that smaller values ofβ result in a thinner
middle layer fort< tc and a smaller B-core fort> tc.

The above analytical solution is extended to the case ofN
components inAppendix Aand to the case of adsorption from
a finite bath including the external mass transfer resistance in
Appendix B.

3. Computational results

Numerical calculations were performed for three repre-
sentative cases as summarized inTable 1. For all three cases
we assume an infinite volume bath and neglect the external re-
sistance. In the first (Case I), we have chosenCA �CB along
with Langmuir equilibrium constants that are similar to each
other. In addition, we have chosen conditions so thatRA � 1.
These conditions are representative of favorable adsorption
of a bulk component along with a minor, closely related

T
C n an
i

II

C
C
K
K

q

In this regime there is only one adsorption front, while
entral core is completely saturated with B. The positio
he A front is still given by Eq.(12). However, for B, from
q.(17)we obtain

c′
B

CB
= 1 + 1

β
(20)

In this case, B is continually desorbed untilρA = 0.

Fig. 2. Dimensionless position of adsorption fronts forβ = 0.1.
able 1
onditions for numerical simulations of two-component adsorption i

nfinite bath

Case I Case II Case I

A (mg/cm3) 1 1 1

B (mg/cm3) 0.01 1 1

A (cm3/mg) 100 1 1000

B (cm3/mg) 90 0.01 10

m,A =qm,B = 235 mg/cm3, De,A =De,B = 2.2× 10−7 cm2/s, rp = 0.005 cm.
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Fig. 4. Concentration profiles for Case I shown att= 100, 500, 1500, 2500,
3500, 4000, 4300, 4400, 4500, 4600, 6000, and 10,000 s.

impurity. For this case, the isotherms are approximated by

qA ≈ qm,AKACA

1 + KACA
≈ qm,A

qB ≈ qm,BKB

1 + KACA
CB

Note that here the B isotherm is approximately linear
whenCA is finite while the A isotherm is rectangular. The
evolution of intraparticle concentration profiles and the
average adsorbed concentrations for this case are shown
in Figs. 4 and 5, respectively. Since A is in large excess,
the amount of A adsorbed at equilibrium is much higher
than that of B. Accordingly, B accumulates ahead of the A
adsorption front resulting in an overshoot above the equilib-
rium concentration. The overshoot moves inwardly and for
longer times is transformed into a B-saturated core. From

Fig. 5. Average concentrations in particle for Case I.

this point on desorption of B occurs as the system gradually
approaches equilibrium. As seen inFig. 5, an overshoot is
also predicted for the particle-average concentration, ¯qB, al-
though this overshoot is much less noticeable than that in the
intraparticle profiles. The A intraparticle profiles propagate
with a sharp front barely distinguishable from that predicted
by the classical single component shrinking core model.

For the second case inTable 1(Case II), we have chosen
CA =CB, but very different Langmuir constants, with com-
ponent A much more strongly adsorbed than B (KA �KB)
andRA ∼ 1. These conditions correspond to the adsorption
of two fairly different components with a moderately favor-
able competitive isotherm. As in the previous case, the ad-
sorbed equilibrium concentration of B is much lower than
that of A. Calculated intraparticle concentration profiles and
the particle average concentrations for this case are shown in
Figs. 6 and 7. As before, the B profile exhibits an overshoot
above equilibrium. However, since the fluid phase concentra-
tion of B is much higher than in Case I, B diffuses faster in the
particle approaching the center for much shorter times. Cor-
respondingly, the overshoot in the average B concentration
occurs for very short times followed by a gradual return to
equilibrium conditions when the particle becomes saturated
with A. Unlike Case I, the A profiles are smooth owing to the
reversible nature of the isotherm.

Finally, for the third case inTable 1(Case III) we have
c
b we
h ular
i ese
c riva-
t rti-
c case
a f-
f f the
hosen a situation where againCA =CB andKA �KB, but
oth RA andRB are much less than one. In this case,
ave two strongly bound components with nearly rectang

sotherms but with A nearly completely displacing B. Th
onditions are thus similar to the ones invoked in the de
ion of the limiting analytical solution. Calculated intrapa
le profiles and particle average concentrations for this
re shown inFigs. 8 and 9. As in Case II, component B di

uses faster than A in the particle accumulating ahead o
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Fig. 6. Concentration profiles for Case II shown att= 1, 5, 10, 20, 30, 40,
50, 70, 200, 500, 1000, 1500, 2000, 2500, 5000 s.

A-front. Desorption of B ensues when the B-front reaches the
center of the particle until equilibrium is established with an
almost zero adsorbed concentration of B. Both the A and B
profiles are sharp. The analytical result (Eqs.(12)and(18)) is
also shown inFig. 9. For these conditions we see that there is
excellent agreement between the limiting analytical solution
and the numerical results. The former can thus be used with
good accuracy even if the predicted concentration profiles are
not perfectly sharp.

4. Experimental studies

The goal of the experimental work was to determine the
actual kinetics of two-component protein adsorption systems
and compare the results with the theoretical analyses.

Fig. 7. Average concentrations in particle for Case II.

4.1. Materials and methods

The adsorbent used in this work is SP-Sepharose-FF
(Amerhsam Biosciences, Uppsala, Sweden). This material
is an agarose-based sulfopropyl cation exchanger with a par-
ticle diameter of approximately 100�m for the lot used in
this work [18]. Chicken egg white lysozyme (Mr = 14,500,
pI = 11) and cytochromec from bovine heart (Mr = 12,500,
pI = 10.6) from Sigma Chemical Company (St. Louis, MO,
USA) were used as model proteins. All other chemicals were
obtained from Sigma or Fisher Scientific (Pittsburgh, PA). All
experiments were performed at room temperature (23± 2◦C)
in 10 mM Na2HPO4 aqueous buffer at pH 6.5. At this pH,
both lysozyme and cytochromec are positively charged.

Single component equilibrium isotherms were obtained
by contacting small samples of media (0.025 cm3 wet settled
media) with 10 cm3 samples of protein solutions of known
initial concentration and determining the residual solution
concentrations at equilibrium. Amounts adsorbed were then
calculated from material balances. Adsorption was reversible
as virtually complete recovery of the bound protein could be
obtained in buffer solutions containing 1 M sodium chloride.

Single and two-component adsorption kinetics were
obtained using both stirred-batch and shallow-bed meth-
ods. Stirred batch experiments were done by suspending
0.1–0.3 cm3 of hydrated particles in a 100 cm3 protein
s sly
m pa-
r
U ere
u ince
l otein
c rome
c tion
t zyme
olution agitated with a magnetic stirrer while continuou
onitoring the protein concentration in solution. The ap

atus is the same as that described in ref.[19] except that two
V–vis detectors (Amersham Biosciences, Mod. UV-1) w
sed in series to allow detection at 405 and 280 nm. S

ysozyme has no absorbance at 405 nm, individual pr
oncentrations were obtained by determining the cytoch
concentration at 405 nm and subtracting its contribu

o the total absorbance at 280 nm to determine the lyso
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Fig. 8. Concentration profiles for Case III shown att= 100, 500, 1000, 1500,
2000, 3000, 4000, 4300, 5000 s.

concentration as discussed in ref.[20]. Experiments were
done for both simultaneous and sequential adsorption, in the
first case starting with clean adsorbent samples and in the
second starting with a pre-saturated adsorbent sample.

Shallow-bed experiments were conducted in a manner
similar to that described in ref.[18]. For these experiments,
a small sample of SP-Sepharose-FF (∼5�L) was placed in
a 0.5-cm ID glass chromatographic column fitted with two
adjustable plungers (Amersham Biosciences, Model HR
5/5). For an uptake experiment, a protein solution is passed
through this column for a certain period of time at a high flow
rate (4 cm3/min). Excess protein is then quickly removed
from the extraparticle voids by feeding the protein-free buffer
and the amount of bound protein determined by desorption
with 500 mM NaCl. The area of the desorption peak is
related to the amount of protein bound. The column is then

Fig. 9. Average concentration profiles for Case III. The numerical and ana-
lytical solutions are nearly coincident.

reequilibrated in buffer and the cycle repeated for a different
adsorption time. As in the batch experiments, the amounts
of each protein adsorbed were determined by combining the
405 and 280 nm detector signals. Since the amount of adsor-
bent is very small and the mobile phase velocity is very high,
adsorption occurs under essentially constant protein concen-
tration in solution, or for conditions approximating an infinite
bath. An AKTA Explorer liquid chromatography system
(Amersham Biosciences) was used for these experiments.

4.2. Experimental results

Single component isotherms are shown inFig. 10. The
lines are fits with the Langmuir model although the isotherms
can obviously be approximated as being nearly rectangu-
lar with capacities of 230± 20 and 130± 10 mg/cm3 for
lysozyme and cytochromec, respectively. The substantial
difference in capacity is surprising. However, there are 11
arginines and 6 lysines in lysozyme while there are only 2
arginines and 16 lysines in cytochromec. Thus, it is possi-
ble that the stronger binding of lysozyme occurs because the
positive charges in lysozyme are mostly associated with the
substantially more basic arginine residues.

Single component batch uptake curves are shown in
Fig. 11. These graphs show the amount adsorbed as a func-
t s of
t dif-
f -
t .
T st
n erms
a solu-
t

ion of time, obtained from material balances. Good fit
he batch uptake curves were obtained with effective pore
usivity values of 2.5× 10−7 and 2.0× 10−6 cm2/s, respec
ively, using a film mass transfer coefficientkf = 0.003 cm/s
he latter was determined in prior work[3], but had an almo
egligible effect on the calculated curves. Since the isoth
re very favorable, calculation based on the numerical

ion of the pore diffusion model equations (Eqs.(1)–(3)) and
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Fig. 10. Adsorption isotherms for lysozyme and cytochromec on SP-
Sepharose-FF in 20 mM sodium phosphate buffer at pH 6.5. Lines are Lang-
muir model fits.

those based on the analytical irreversible isotherm limit were
practically indistinguishable. Interestingly, adsorption of cy-
tochromecoccurs at a substantially greater rate than adsorp-
tion of lysozyme in spite of the fact that these proteins have
similar size and solution diffusivities. Similar results were ob-
tained in shallow-bed experiments with the cytochromecup-
take rate being several times faster than the rate for lysozyme.

The results of simultaneous adsorption are shown in
Figs. 12 and 13for shallow-bed and stirred batch ex-
periments with different ratios of protein concentration

F cy-
t

Fig. 12. Two-component simultaneous shallow-bed uptake of a mixture con-
taining 1 mg/ml lyozyme and 1 mg/ml cytochromec. Lines are predictions
based on the shrinking core model withkf = 0.005 cm/s.

in solution. In all three cases, cytochromec presents an
overshoot in the amount adsorbed before gradually returning
to the final equilibrium amount. The latter was essentially
zero. In other words, at equilibrium with cytochromec and
lysozyme mixture, there was no significant cytochromec
adsorption. As seen inFig. 13, a larger initial concentration
of cytochromec in solution results in a greater overshoot. In
all cases, however, the return to equilibrium of cytochrome
c (essentially no adsorption) occurs more slowly at a rate
directly proportional to the rate of adsorption of lysozyme.

Fig. 14shows the results of sequential adsorption. In this
case, the resin was first saturated with cytochromec and
then exposed to a cytochromec/lysozyme mixture. For these
conditions, lysozyme completely displaced the adsorbed cy-
tochromec and the rate at which cytochromec is desorbed
is consistent with the rate at which lysozyme is adsorbed. It
can be seen that the lysozyme uptake curves are very similar
whether or not the resin is clean or pre-saturated with cy-
tochromec, indicating that the presence of this pre-adsorbed
protein does not affect diffusion of lysozyme in the particles
to a significant extent. Moreover, adsorption of lysozyme ap-
pears to be completely diffusion controlled and unhindered
by the rate of exchange of the two proteins on the adsorbent
surface.

Model calculations based on the analytical solution for
the irreversible isotherm case are also shown inFigs. 12–14
i ntal
s erms
w .
T n the
t the
s se of
a

ig. 11. Single component batch uptake of 2 mg/ml lysozyme and
ochromec. Lines are shrinking core model fits withkf = 0.003 cm/s.
n comparison with the experimental data. Our experime
ystem is clearly described by nearly rectangular isoth
ith complete displacement of cytochromec by lysozyme
hus, this situation is analogous to Case III considered i

heoretical part of this work. The numerical solution of
hrinking core equations developed for the general ca
dsorption from a finite bath, described inAppendix B, was
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Fig. 13. Two-component simultaneous batch uptake of lyozyme/cytochromecmixtures with different initial concentrations. (a) 0.5/0.5 mg/ml; (b) 1.0/1.0 mg/ml;
(c) 1.5/0.5 mg/ml; (d) 0.5/1.5 mg/ml. Lines are predictions based on the shrinking core model withkf = 0.003 cm/s.

Fig. 14. Two-component sequential batch uptake of 1 mg/ml cytochromec
followed by a 1 mg/ml lyozyme/cytochromecmixture. Note that cytochrome
c is completely displaced by lysozyme. Lines are predictions based on the
shrinking core model withkf = 0.003 cm/s.

used for the calculations with the diffusivity values deter-
mined form the single component batch uptake experiments
usingkf = 0.003 cm/s for the batch cases andkf = 0.006 cm/s
for the shallow-bed case. In either case, the effect ofkf was al-
most negligible as for single component adsorption. As seen
in these figures, the agreement between experimental and
predicted two-component protein adsorption kinetics is quite
reasonable. In all cases, the model is in good agreement with
the data with regards to the cytochromecovershoot above the
equilibrium value and with the slow return to equilibrium.
The latter occurs at a rate that is completely controlled by
diffusion of lysozyme in the particles. The greatest deviation
occurs inFig. 13c, when there is an excess of lysozyme. For
these conditions cytochromec is predicted to form a very
thin shell and it is possible that for these conditions more
significant deviations from the local equilibrium, rectangu-
lar isotherm solution take place. In addition, it is possible
that the bound cytochromec could retard to some extent the
adsorption rate of lysozyme by introducing an additional ki-
netic resistance to binding. In any case, this effect seems to be
small as shown by the relatively small discrepancy between
experimental and predicted results.
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5. Conclusions

Predicted intraparticle concentration profiles based on a
model for diffusional mass transfer of two proteins in a porous
adsorbent suggest the development of concentration patterns
with an overshoot of the more weakly adsorbed species above
equilibrium followed by a gradual return to equilibrium. The
relative magnitude and time of occurrence of the overshoot
depends on the relative affinity for the adsorption sites and
the diffusivities. An analytical solution can be derived for
the rectangular isotherm case. This solution is in good agree-
ment with the general numerical results when the adsorption
isotherm is very favorable. For the experimental system con-
sidered in this work the two-component adsorption kinetics
is consistent with nearly rectangular isotherms and results in
complete displacement of one protein by the other. The re-
sulting adsorption patterns are analogous to those predicted
by theory. Experimental and predicted batch and shallow-bed
adsorption results are in good agreement using a dual-front
shrinking core model using diffusivities determined empiri-
cally from single component uptake runs.
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A.2. Reaction fronts fort ≥ tci

In this case,ρi = 0 so that there arei− 1 adsorption fronts,
with a central core of the particles completely saturated with
componenti. The equations for thei− 1 adsorption fronts are
the same as Eq.(A.1). Componenti is continually desorbed
until ρi+1 = 0.
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ppendix A

The analytical solution is extended to multicomponen
orption keeping the assumption that the isotherms are
ngular. For a system withN components (i = 1, 2, 3,. . .,N),
here componenti completely displaces componenti + 1, the
quations to predict the position of the moving fronts w

ime are developed as follows. For simplicity, we ass
hat adsorption of the different components is comple
utually exclusive so that each of the adsorption zones
evelop in the particle contains a single component. Com
ent 1 is the most strongly adsorbed species and is use
eference in the ensuing equations.

.1. Reaction fronts fort < tci

tci is defined as the time at which adsorption front of c
onenti reaches the center of the particle. Up to that t

here arei adsorption fronts moving toward the center of
article. The advancement of each of these fronts can b
cribed by the following equation

ρ3
i − 3ρ2

i + 1 =
(

1 +
i∑

k=2

βk,1

)
t

τ1
, i = 1, 2, . . . , N

(A.1)
f both components is expressed by the same equatio
efore. Only the boundary conditions are different in o

o account for the external mass transfer resistance:

2De,A
dcA

dr
= kA (B.1)

2De,B
dcB

dr
= kB (B.2)

= rp : cA = Cs
A, cB = Cs

B (B.3a)

= rA : cA = 0, cB = c′
B (B.3b)

Integrating Eqs.(B.1) and(B.2) we obtain:

A = De,ACs
A

(1/rA) − (1/rp)
(B.4)

B = De,B(Cs
B − c′

B)

(1/rA) − (1/rp)
(B.5)

The advancement of the A adsorption front is obta
rom the balance equation:

m,Ar2
A

drA

dt
= De,ACs

A

(1/rp) − (1/rA)
(B.6)

= 0 : rA = rp (B.7)

Introducing dimensionless variables Eq.(B.6) becomes:

dρA

dt
= 1

6τA

Cs
A/C0

A

ρA(ρA − 1)
(B.8)
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whereτ = qm,Ar2
p/6De,AC0

A. The ratio of surface and initial

solution concentrations,Cs
A/C0

A, is obtained by combining
Eq. (B.8) with the following material balance at the particle

surface:

De,ACs
A

(1/ρA) − 1
= rpkf,A (CA − Cs

A) (B.9)

and with the following overall material balance:

CA = C0
A[1 − ΛA(1 − ρ3

A)] (B.10)

yielding the result:

dρA

dt
= 1

6τA

1

ρA

[1 − ΛA(1 − ρ3
A)]

(1 − ρA) + ρA/BiA
(B.11)
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w
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t e A
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w e:

and with the following overall material balance:

CB = C0
B[1 − ΛB(ρ3

A − ρ3
B)] (B.18)

whereΛB =qm,BVM/C0
BV. The final result is:

c′
B

C0
B

= (ρA/β)[1 − ΛA(1 − ρ3
A)]/(1 − ρA + ρA/BiA) + ρA[1 − ΛB(ρ3

A − ρ3
B)]/(1 − ρA + ρA/BiB)

1/[(1/ρB) − (1/ρA)] + 1/[(1/ρA) − 1] − [ρ2
A/(1 − ρA)](1/BiB)/(1 − ρA + ρA/BiB)

(B.19)

and

ρ2
B

dρB

dt
= β

6τA

(ρA/β)(1 − ρA)[1 − ΛA(1 − ρ3
A)]/(1 − ρA + ρA/BiA) + ρA(1 − ρA)[1 − ΛB(ρ3

A − ρ3
B)]/(1 − ρA + ρA/BiB)

−(1 − ρA) + ρA[(1/ρA) − (1/ρB)] − [(1/ρA) − (1/ρB)](ρ2
A/BiB)/(1 − ρA + ρA/BiB)

(B.20)

t = 0 : ρB = 1 (B.21)

Eqs.(B.11) and(B.20) can be integrated numerically in
order to obtain the intraparticle profiles of both components.

B.2. Reaction fronts for t≥ tc

As indicated previously, in this caseρB = 0; that is, the
core of the particle is completely saturated with B and only
the A-adsorption front moves toward the center of the particle
according to Eq.(B.11). Simultaneously, B is continually
desorbed untilρA = 0.
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= 0; ρA = 1 (B.12)

here BiA =kf,A rp/De,A andΛA = qm,AVM/C0
AV .

In the middle layer (rB < r < rA), the flux of component
s given by:

′
B = De,Bc

′
Brp

(1/ρB) − (1/ρA)
(B.13)

hile the advancement of the adsorption front for B is
ained from the balance:

m,Bρ2
B

dρB

dt
= De,Bc

′
B

r2
p[(1/ρA) − (1/ρB)]

(B.14)

r

2
B

dρB

dt
= β

6τA

c′
B/CB

(1/ρA) − (1/ρB)
(B.15)

hereβ =qm,ADe,BC
0
B/qm,BDe,AC0

A. The ratioc′
B/C0

B is ob-
ained by combining the following material balance at th
dsorption front:

qm,B

qm,A

De,ACs
A

(1/ρA) − 1
= De,Bc

′
B

(1/ρB) − (1/ρA)
+ De,B(c′

B − Cs
B)

(1/ρA) − 1
(B.16)

ith the following material balance at the particle surfac

Cs
B − c′

B

(1/ρA) − 1
= BiB(CB − Cs

B) (B.17)
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